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A family of critical curves t h a t lie in the r ange of a class of Po inca re h a l f m a p s induced by a 
saddle focus in three-space is inves t iga ted analyt ical ly . It compr i s e s all " f a r f inal po in t s " of the 
images of invar iant curves tha t a re subjec t to a s e p a r a t i n g m e c h a n i s m . T h e n u m b e r of b ranches 
occurr ing on a speci f ic critical cu rve is direct ly re la ted to the type of sepa ra t ing m e c h a n i s m 
present in the h a l f m a p . M o r e o v e r , universal p rope r t i e s of the sadd le - focus d y n a m i c s are 
demons t ra ted for the first t ime. 

1. Introduction 

T h i s is the third pape r o f a series i nves t i gat ing the 

propert ies o f Po incare ha l fmap s i n d u c e d by the 

f low o f a sadd le- focus in three space. I n the first two 

parts [1,2] we treated structures respons ib le for the 

appearance o f chaot ic solut ions. ( I n [3] a p r o o f for a 

f am i l y o f h o m o c l i n i c trajectories i n the present class 

o f systems is g iven, so that the t heo rem that assures 

the existence o f chao s i n the n e i g h b o r h o o d o f a 

h o m o c l i n i c orbit desc r ibed in [4, 5] c o u l d be ap-

pl ied. See also [6] for a numer ica l e x a m p l e o f a 

chaot ic so lut ion in the present p iecewi se - l inear sys-

tem.) U n l i k e the p r e v i o u s papers, i n w h i c h the 

domains o f the h a l f m a p s were cons ide red , in the 

f o l l ow ing the empha s i ze wil l be o n the ranges o f 

these maps . 

A s ment i oned in [2], the f am i l y o f i nvar iant 

curves o f a h a l f m a p is s u b d i v i d e d into those m e m -

bers that are subject to a separat ing m e c h a n i s m a n d 

those that are not. F o r the latter type the h a l f m a p 

acts m o r e or less l ike a " r e f l e c t i on " a l ong the l ine 

W (that separates the d o m a i n , S~ , a n d the range, 

S + ) [1], S ince this type o f b e h a v i o r doe s not en-

tail any interesting d y n a m i c a l consequences , it c an 

be omi t ted here. 

I n the other, interest ing case, the i nva r i an t curves 

are intersected by a b r a n c h cut, the crit ical sp i ra l y 

[2], Ad jacent points o n bo th s ides o f th is curve are 

separated, that is, are m a p p e d e l sewhere far apar t 

f r o m each other (see specif ical ly F i g s . 8 - 1 0 o f [1] 

for the action o f the h a l f m a p P o n an ß - c u r v e , a 
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s imple, and a compl icated isola, respectively). W h i l e 

the image o f a point f r o m the critical spiral is locat-

ed on the l ine segment W s (see [2]), the exit po int o f 

the trajectory starting there is f r o m S + . I f the overa l l 

s y s tem fulf i l ls the existence and un iquene s s cr iteria 

o f [7], a po in t o f contact o f a trajectory w i t h S is an 

exit a n d at the s ame t ime a re-entry po int (whe reby 

the second h a l f m a p acts as the identity). 

Spec i f ica l ly , the po int s 5 o f the critical sp i ra l 

fulfi l l the funct iona l equa t i on 

lim A) Po P(x) = l i m P(-v)» (0 
-V / S X \ s 

where .v /" s (x \ s) m e a n s a counte rc lockw i se 

(c lockwise) a p p r o a c h t owa rd s s a l ong an invar iant 

curve. O b v i o u s l y , the po ints l i m P(.Y) y ie ld a new 
X \ s 

critical curve, (p, for the inverse d ynamic s . 

I f one constructs cp expl ic it ly, for all va lues o f the 

canon ica l parameters , one f inds bo th phy s i ca l l y 

m e a n i n g f u l together w i t h mean ing le s s segments. 

T h e relevant por t ions mu s t then be f o u n d a p p l y i n g 

a speci f ic select ion rule. It wi l l turn out that the 

n u m b e r o f b ranches that contr ibute to <p equa l s 

un i ty p lu s the n u m b e r o f self- intersection po ints 

character ist ic for the c o r r e spond i n g crit ical spiral. 

M o r e o v e r , the select ion rule y ie lds a cha r t ing o f the 

canon ica l pa rameter space that is equ iva lent to the 

one presented in [2], A t the s ame t ime it a l l ows to 

demonst ra te the existence o f universal properties o f 

the sadd le - focus d ynam i c s . 

A m a i n technical result wi l l be the locat ion o f 

" f a r f inal p o i n t s " (that is, the exit po ints o f trajec-

tories start ing at " f i r s t cutt ing o p e n p o i n t s " [2]). 

T h i s m e a n s that the image s o f all i nva r i an t curves 

that intersect the critical spiral are k n o w n c o m -

pletely. 
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2. The Curve <p 

I n order to util ize the techniques deve loped pre-

v ious ly . we treat the range o f the ha l fmap, that is to 

be cons idered here, as the d o m a i n o f its inverse. 

S ince the f low that induces P [1] is un ique, its 

tempora l inverse exists and obeys the f o l l ow ing 

canonica l equat ion o f mot i on : 

d v 

dt 
— o.v and 

dy 
— = - (1 + / co) V 

dr 
(2) 

with .v e R , y e C , Q > 1, and co > 0. T h i s d y n a m i c s 

is a s sumed to be active ins ide the reg ion T [1] and 

induces a one-to-one map, P _ 1 , f r om S + into S ~ 

S ince (2) is the t ime- inverse o f the former Eq. (32) 

in [1], all geometr i c structures (specif ical ly all in-

var iant curves r ) r ema i n the s ame as before, treated 

explicitly in [1], A l t h o u g h the dynamic s to be con-

s idered here is g i v en by (2), whenever we talk abou t 

" t rajector ies " we shall impl ic i t ly adopt the oppos i te 

t ime direct ion — in order to obta in an interpretat ion 

that is consistent w i th the p rev iou s papers. 

Let us now formulate the h a l f m a p induced by the 

f low o f (2). T h e funct ion u (contro l l ing the swi tch-

i ng o f d y n a m i c s ) in the present case reads 

u (/):= x eQt 4- 2e~'(rj(x) cos cot + Q sin cot), (3) 

cf. [1]. ( F o r the def in i t ions o f rj(x) and c, see 

Eqs. (22) and (41) o f [1].) T h e impl ic i t equa t i on 

w h i c h descr ibes the ha l fmap P _ l in terms o f the 

m a p p i n g t ime z becomes 

u (0 ) = u (T) = .VQ . (3 a) 

T h e f o rma l i sm o f critical curves (deve loped i n 

[8, 9]) now y ie lds for the " n u m e r a t o r and d e n o m -

inator func t i on s " z a nd n: 

z (r) = co - el (co cos coz - s in COT) ( 4 a ) 

and 

n (r) = co - eiQ + ])r(co cos co z- ( 0 + 1) sin coz). (4b) 

T h u s the r-representat ion o f the curve, con ta in ing 

the intersection points o f touch ing trajectories w i t h 

S, m a y be written as 

<p(z) = (xr,cr(xz))\ (5) 

whereby 

(r) 
.YT = .V0 

n(z) 
( 6 a ) 
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Fig. 1. (a) Plot of the function xr for .v0 = 1, 1.5, and 
co= 10. Axes: t = 0 . . . 8 rc/co, y = - xw . . . 4.xw. (b) The 
curve ip corresponding to .xr of part (a) together with the 
Cartesian leaf. Note that not all branches shown 
here contribute to the critical curve cp. Axes: x = 
— 0.2 xw . . . 1.4 Yw, £ = — 1 . . . 1. 

and 

- E ( Q + 1)T_(_ C O S QJJ 

cT (xr) = — -VT 
2 s i n co z 

+ 
COS CO T 

1 s i n co z 
-v0, (6 b) 

(cf. Eqs. (15), (18), a n d (19) in [2]). C o m p a r e d to the 

ana l o gou s express ion for z and n in [2] (see also [9] 

for another one), " ju s t a few s i g n s " are changed. 

These mod i f i ca t ions , nevertheless, result in a c om-

pletely different b e h a v i o r o f xT and o f all structures 

de r i ved f r om this central quantity. A concrete 

v i sua l examp le o f xr a n d cp is presented in F i g u r e 1. 

T h e latter curve s h o w n is called cp s ince the critical 

curve cp, that we are l o o k i n g for eventual ly has to be 

extracted f rom this object by app l y i n g specif ic 

selection rules (see be low). 

F o r r -*• 0 both r and n van i sh to second order, so 

that 

w 2 + 1 
LIM XT = VQ 2 2 

r - 0 ( Q + \ Y + CO1 
= X* 

and 

l i m Ct(.Yt) = 
Q V Q Q + 1 CO 

2 CO ( G + 1)2 + CO2 

(7 a) 

(7 b) 

Hence cp starts, l ike the critical spiral, in the final 

po int o f the separat ing port ion o f the straight l ine 

W [ 2 ] , 

In contrast to the s i tuat ion va l id for the critical 

spiral, n van i shes at pos i t i ve va lues o f z too. S ince 

in general z possesses no zeros at these points, .YT 

diverges there. T h e pertinent poles o f .Yt are 

not accessible analyt ica l ly. Howeve r , in the l imit 

r - > o o , the « - t e r m in ( 4 b ) may be neglected com-
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pared to the exponent ia l . The re fo re the zeros zf 
o f n converge towards 

r00 00 _ •k arctan 
co 

Q+ 1 
+ kn ( 8 a ) 

O n the other hand , the zeros z°k o f the n u m e r a t o r 

funct ion z tend towards the va lues 

r°k
x = — [arctan co + k n]. 

co 
(8 b ) 

Hence the l im i t i ng structure o f the poles a n d the 

zeros o f xT is k n o w n expl ic it ly. T h i s wi l l be a great 

he lp in ana l yz ing cp itself. 

3. The Critical Curve cp 

I n order to ob ta i n cp, we ha ve to select those exit 

points o f t ouch i ng trajectories that cont r ibute regu -

larly to the h a l f m a p [2]. T w o select ion rules can be 

read of f immed i a te l y f r o m F i g . 1: 

(51) Only nonnegative values of xT contribute to cp. 
T h i s is o b v i o u s because adjacent trajectories w i t h 

initial .v-coordinates less than zero cannot be separ -

ated [1], 

(52) All points q> (z) from S~ must be eliminated. 
T h i s selection rule s tems f r o m the fact that b y 

def in i t ion all exit po in t s o f T are f r o m S + . T h e 

exc luded points are entry po ints o f T a n d thus 

be long to trajectories that spent s o m e t ime i n s i de T 

under the d y n a m i c s o f T , i.e., they c o m e f r o m n o n -

mani fest s h a d o w so lu t ions [7]. 

A th i rd and f inal select ion rule can be o b t a i n e d 

by l ook i ng at the i m a g e o f cp u n d e r P _ I . T h i s 

image is by const ruct ion located o n W , hence it is 

suff icient to invest igate its .x -component 

xs(z):=xreer (9) 

alone. W e therefore have: 

(53) Only the first appearance of a value XS(T) 
from [0, xw) is to be considered as physically meaning-
ful. O n l y in this case d o trajectories, that start o n 

W s , cross S for the first t ime after the m a p p i n g 

t ime z has elapsed. 

T h e cr iter ion ( S 3 ) imp l i e s the p r e v i ou s two: 

ad ( S I ) N o po in t cp(z) w i th < 0 is m a p p e d by 

P _ 1 into W s , because .v^(r) a lway s possesses the 

s ame s i gn as xx. H e n c e the first c r i ter ion is a 

consequence o f the th i rd one. 

ad(S2) T o see h o w the second one can also be 

der i ved, s uppo se a t ouch i ng trajectory that starts 

o n W s and crosses S ~ i n s after t ime r. T h e n , i n 

o rde r to enter T , the trajectory a lso crosses S + , 

p r i o r to r, after t ime z' i n the po in t s ' . H e n c e s ' 

too be longs to cp a nd m a y be written as cp(z — z'). 

S i nce z' > 0, s does not contr ibute to cp. ( N o t e 

that no th i ng is s a i d abou t whether s ' be long s to cp 

or not.) 

T h e cr i ter ion ( S 3 ) is a lso complete - in the sense 

that it selects a m i n i m a l set o f po ints a n d thus y ie ld s 

a one- to -one m a p onto W s . A n y further po in t 

exc l uded f r o m cp w o u l d result i n a ho le in s ide o f 

[0, A w ) , m e a n i n g that a regu lar ly t ouch i n g trajectory 

w o u l d not be represented. W e therefore have ob -

ta ined the exact cr i ter ion to be app l i ed to cp i n 

o rder to select cp f r o m it. 

A n a l o g o u s l y to the s i tuat ion f o u n d for the critical 

sp i ra l , the present select ion rule cuts out certa in 

r - interva l s ( m a p p i n g t imes). The se intervals cannot 

be de te rmined expl icit ly. T h e y can, howeve r , be 

g a i n e d easi ly w i th the a id o f a compute r , as wi l l be 

s h o w n below. 

I n o rder to ob ta i n cp v ia ,vs, the x - c o m p o n e n t o f 

its image , we also need the der ivat ive o f the latter 

funct ion. S o we def ine: 

d x0eQT , 
d r n Z ( T ) 

(10) 

wi th 

D3 (T) := QCO + eT {(co2 + Q+ 1) s in coz - QCO COS COT} 

- e ( e + 1 ) T { ( a ) 2 + Q+ 1) s in co z + Q co cos co r} 

+ e{Q + 2)Qco. (10a) 

It is m a i n l y f r o m this funct ion that the propert ies 

o f the selection rule ( S 3 ) wi l l be extracted. 

I f we c o m p a r e D3 w i th Dx as g i v e n in [2] 

(Eq. (30)), the express ion in square brackets there 

turns out to di f fer f r o m d2 here on l y b y a factor 

e ( e + 2 ) \ so bo th funct ions possess the s a m e n u m -

ber o f zeros. S u rp r i s i n g l y , they a lso occur at the 

s a m e va lues o f z - this s h o w s the s y m m e t r y be-

tween the two critical curves y a n d cp. A s far as 

the b e h a v i o r o f the zeros is concerned, all the 

propert ies o f carry over to £>3, thus we 

can m a k e use o f the results e laborated there. It 

h e r eby goes w i thou t s a y i n g that Z)3 on l y has a zero 

i f the d e n o m i n a t o r (note that the func t i on n pos -

sesses a countab le inf in ite n u m b e r o f zeros o n the 
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pos i t i ve r - a x i s ) does not v a n i s h together w i t h the 

n u m e r a t o r a n d so at least to the s a m e order. T h i s 

s i tua t ion — w h e n the n u m e r a t o r a n d the d e n o m -

inated o f D3 v a n i s h s imu l t aneou s l y — wi l l be d i s -

cus sed be low. A t the m o m e n t we a s s u m e these two 

funct ions to possess dist inct zeros. 

I n o rde r to invest igate A s , let us first l ook at 

its l im i t i n g behav i o r . F r o m (7) we k n o w that 

l i m x s ( r ) = x w a n d for its de r i va t i ve we f ind, after 
T * 0 
r e m o v i n g f ou r th o rde r s ingu lar i t ie s : 

l i m D3(Z) = — XV 
T - o 3 

( I D 

T h i s y i e ld s a s i m p l e connec t i on be tween the init ia l 

v a l ue o f A'S a n d its in it ia l s lope; m o r e o v e r , (11) 

s h o w s that, for all po s s i b l e va lues o f the canon i ca l 

pa rameter s , As starts at the A - va lued s u p r e m u m o f 

W s w i t h a positive s lope. O n the other hand , for 

z -*• oo the b e h a v i o r o f d3 is d o m i n a t e d by its f inal 

term, QCO e{Q + 1)x. I n this l im i t D3 conve rge s t owa rd s 

A'O Q co2/(co cos co z — (Q + 1) s i n co z)2, w h i c h is 

strictly pos i t ive. It is because o f this p roper ty 

that Z)3 possesses at mos t a finite n u m b e r o f 

interva l s in w h i c h it a s s umes negat ive values. 

A f te r h a v i n g inspected the l imits , let us n o w 

d i s cu s s the d i f ferent b i fu rca t i on s po s s ib le for x s b y 

f o l l o w i n g a (vert ical) pa th in the (g, to ) - subspace o f 

canon i ca l pa ramete r s (see [2], F i g . 6). F o r sma l l 

va lues o f the focal f r equency ( be l ow the cu rve 

co2 = q + 1), D3 h a s no zero ( and thus is strictly po s i -

t ive) for all r > 0. H e n c e the first b r a n c h o f x s , f r o m 

the interval (0, z f ) , doe s not cont r ibute to cp\ all its 

va lue s are greater than x w . T h e s econd b ranch , for 

z f < z < z f , covers the w h o l e real ax i s i n c l u d i n g 

[0, A w ) ; thus this b r a n c h is the on l y one that con -

ta ins regu la r points. L o o k i n g at cp itself we f i nd its 

d o m a i n to be the interval [r°, r f ) <= ( i f , z f ) , w i t h 

x s ( r 7 ) = A w . T h e r e the character i st ic r a d i u s o f cp 

increases strictly f r o m zero. S o the crit ical cu r ve 

intersects all base l ines, the C a r t e s i a n leaf, a n d a 

f ract ion o f the ß - c u r v e s - whe re it ends o n the one 

po s se s s i ng the r ad i u s r w (cf. Eq . (13) o f [2]). 

F o r va lue s o f co a b o v e ]/ Q + 1, but b e l o w the 

ß r c u r v e , D3 still possesses n o zero, hence a g a i n the 

s econd b r a n c h o f As a lone contr ibutes to cp. I n 

contrast to the s i tua t i on desc r ibed above , howeve r , 

n o w Aw is greater than Ac a nd hence the character-

istic r ad i u s o f cp decreases for va lues o f x s i n s ide 

( A C , A w ) (see [2], Eqs . (26). (28) a nd F i g u r e 4). I n 

i t xr 

w 

nr.) 

s+ K i 

— / t> 

K/ 

Fig. 2. This and the following three figures visualize the 
behavior of the functions .xs and <p for typical values of Q 
and co, taken from the different regions of the canonical 
parameter space. Present parameters: x 0 = 1, Q = 1.5, 
oo= 1.1. (a) For co2 < Q+ 1 the second branch of xs (for 
z = rf to z f ) already covers the interval [0, xw). Axes: 
T = 0 . . . 3 n/co, x = — x w . . . 5 xw. - (b) The curve cp pos-
sesses one branch that starts on the line L (x = 0) and ends 
at the ß-curve T(rw). Axes: x = 0 . . . 5xw , £ = — 30 . . . 1. 
- (c) Blow-up of (b). Axes: .Y = 0 . . . 0.003 .VW, £ = 
- 30 . . . - 20. 

th i s case cp t ouches the C a r t e s i a n leaf ( in 5^) a n d 

thereafter crosses base l ines o f r ad i u s r c > r 0 > /*w for 

a second t ime. 

I f we increase co b e y o n d ß , , a pa i r o f zeros 

a p p e a r s i n D3. W h i l e the first one y ie ld s a m a x i -

m u m o f XS (w i th A - va lue less t h a n XW) o n the 

s e c o n d b r anch , the s e cond zero o f D3 results in a 

m i n i m u m ( h a v i n g a v a l u e greater t han A w ) o n the 

t h i r d b ranch . 

U t i l i z i n g th is i n f o r m a t i o n , we c a n n o w a p p l y the 

se lect ion rule ( S 3 ) f o r m u l a t e d a b o v e : T h e First 

b r a n c h o f x s a g a i n y i e ld s n o cont r ibu t ion . F r o m the 

s e c o n d b r a n c h it is the interval [ r ? , rf], r a n g i n g f r o m 

the first zero to the first e x t r e m u m ( m a x i m u m ) , that 

is selected. T h e rest o f th is b r a n c h is " s h a d e d o f f ' 

( s upp re s s ed ) s ince there, for all va lue s o f r greater 

t h a n r f , the A S (T) are s e cond appearances . T h e th i rd 

b r a n c h o f xs is c omp le te l y e x c l uded (all its va lues 

are greater t h a n Aw). F i n a l l y , f r o m the fou r th b r anch 

— w h i c h a g a i n cove r s all real va lues - we p ick the 

p r e - i m a g e o f [0, A w ) \ [0, XS(RF)], that is ( R , , T*). T h u s , 
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S+ w\ 

\ "h 1 
r(rc) 

X C Y 

\ 
h' 

Fig. 3. F o r co2 > g -I- 1 all cr i t ical curves a r e f o u n d ins ide 
t he Ca r t e s i an leaf. P a r a m e t e r s : .Y0 = 1, Q= 1.5, co = 5.5. — 
(a) T h e f u n c t i o n ,Ys b e h a v e s qua l i t a t i ve ly s i m i l a r to t he 
s i t ua t i on f o u n d in F i g u r e 2 ( a ) . Axes: r = 0 . . . 3 n / c o , 
x = — .Yw . . . 5 .vw. - (b) T h e cri t ical cu rve (p t o u c h e s t h e 
C a r t e s i a n leaf in s'c a n d t h e n r e tu rns to t h e i n t e r i o r of t he 
leaf . T h e la t ter sec t ion ref lec ts type II s e p a r a t i o n . Axes : 
.Y = 0 . . . 1.6.YW,C = - 1.25 . . . 0.25. 

J M X. t 

xT tT xf TT 

Fig. 4. Beyond the c u r v e Q \ , new p h e n o m e n a a p p e a r . 
P a r a m e t e r s : .Y 0= 1, Q= 1.5, co = 8. - (a) A m a x i m u m on 
the second and a c o r r e s p o n d i n g m i n i m u m o n t h e t h i rd 
b r a n c h of .Ys a p p e a r . N o t e t h a t only t he f i r s t a p p e a r a n c e 
of a va lue f r o m the in te rva l [0, .Yw) c o n t r i b u t e s to cp. Axes : 
r = 0 . . . 5 n/co, x = - .Yw . . . 5 x w . - (b) S ince t h e d o m a i n 
of (p is d i sconnec ted , t h e cr i t ica l curve i tself possesses t w o 
b ranches . N o t e t h a t s j is t h e i m a g e o f C\. Axes : 
.Y = 0 . . . 1.5 x w , £ = — 1 . . . 0 . 2 5 . 

b 
s+ w U — - x S " 

nr.) X"\ 
•h \ 

. s: \c, 
—\c, 

x n r xTx: xT xT xT xT H 

Fig. 5. E x a m p l e for a p a r a m e t e r set b e y o n d t h e c u r v e ß 3 . 
P a r a m e t e r s : .Y0 = 1, Q = 1.5, co = 12. — (a) XS possesses t h r e e 
local m a x i m a (at r f , t | , a n d r 3 ) wi th i n c r e a s i n g va lues 
a n d t h r ee c o r r e s p o n d i n g local m i n i m a w i t h d e c r e a s i n g 
values . Axes : r = 0 . . . 9 n/co, x = - x w . . . 5 .Yw. - (b) F o r 
every pa i r of e x t r e m a of .Ys a n a d d i t i o n a l n e w b r a n c h 
of <p a p p e a r s , h e n c e it possesses f o u r b r a n c h e s . Axes : 
x = 0 ... 1.4.vw, £ = — 0.6 ... 0.2. 

cp is de f i ned o n two d i s jo in t intervals. T h i s is 

ref lected in two b r a n c h e s o f the cr it ical c u r v e 

ex i s t i ng in this case. N o t e that x\ ( > r f ) is d e f i n e d 

b y -VS (RF) = .VS(T|), SO that the f ina l p o i n t C, o f the 

First b r a n c h o f cp is l ocated o n the s a m e ba se 

l i ne as the s tart ing po i n t 5] o f the s e c o n d b r a n c h 

is the i m a g e o f u n d e r P ) . T h e onset o f a 

s e c o n d b r a n c h o f cp wa s first o b s e r v e d n u m e r i c a l l y 

i n [10] a n d ca l led a " h o o k " there. 

I f w e increase the va l ue o f co e ven fur ther a n d 

c ro s s the cu rve Q 2 , the s e cond b r a n c h o f cp a p -

p r o a c h e s W s a n d a t h i r d one ar ises, s tar t ing i n s'2 

(the i m a g e o f the f ina l p o i n t c2 o f the s e c o n d 

b r anch ) . I n th is case /)3 pos ses ses two pa i r s o f zeros. 

I n genera l a n e w b r a n c h o f cp a l w a y s c o m e s in to 

ex i s tence together w i t h a pa i r o f ze ro s i n Z)3 — that 

is, w h e n e v e r w e c ros s a cu r ve £>k i n the c a n o n i c a l 

p a r a m e t e r space. T h i s is a c o n s e q u e n c e o f the fact 

t h a n .vw wh i l e s u b s e q u e n t local maxima o f .vs f o r m 

a n i n c rea s i ng ser ies o f va l ue s less t h a n JYw. T h e r e -

fo re c lose to the i r m a x i m a the b r a n c h e s are no t 

s h a d e d o f f so that each o n e o f these, together w i t h 

the first b r a n c h after the f ina l m i n i m u m , co r re -

s p o n d s to a separate b r a n c h o f cp. H e n c e : The 

number of branches found in cp is equal to unity plus 

the number of curves ßk crossed. 

N o w we are i n the p o s i t i o n to present the p r o m -

i s ed m o d i f i e d se lect ion rule: 

(S3') A point xs (x) contributes to cp if it is both 

from [0, AWY) and greater than all the previously 

accepted ones. T h i s c r i te r i on is a n i m m e d i a t e c o n -

s e q u e n c e o f the fact that x s , restr icted to the 

d o m a i n o f cp, is str ictly inc reas ing . O n e i m m e d i a t e l y 

sees w h y ( S 3 ' ) is a n adequa te f o r m u l a t i o n for a 

c o m p u t e r . W e need not h a v e to fill a n in terva l w i t h 

real n u m b e r s , w h i c h is i m p o s s i b l e for a f inite state 

m a c h i n e ; no r d o w e h a v e to cove r it w i t h a g reat 

n u m b e r o f t iny interva l s , w h i c h w o u l d be m e m o r y 

e x h a u s t i n g ; rather, s c a n n i n g a sca lar funct ion , w e 

o n l y h a v e to k e e p t rack n u m e r i c a l l y o f the actua l 

m a x i m u m va l ue that a p p e a r s i n s i de the interva l o f 

interest. 

4. The Curves n k Revisited 

A r e m a r k a b l e p r ope r t y f o l l ows f r o m (10) above . 

T h e cu r ve s ß k i n p a r a m e t e r space are cha rac te r i zed 

b y degenerate zeros o f D , [2] or, equ i va l en t l y , Z)3. 
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A suff ic ient cond i t i on for this s i tuat ion to appea r is 

a s imu l t aneou s zero o f 2 a n d n. H e n c e the m a y 

be ob ta i ned by l o o k i n g for parameters where x \ k 

and x f k co inc ide (at xk). T h i s can be done m u c h 

faster than to solve the more compl icated Eqs. (34) 

and (36) o f [2] s imu l taneous l y . I n consequence the 

chart ing o f the canonical parameter space, that was 

ob ta i ned p rev iou s l y f r o m the propert ies o f the 

critical sp i ra l [2], is n o w rep roduced by the b e h a v i o r 

o f cp ( c ompa re F ig . 6 here to F i g . 6 o f [2]). 

A l o n g the Qk we f ind, w i thout k n o w i n g the xc
k 

themselves , 
- ( r ) 

= - Y oexp [o r £ ] l i m — - = .xw . (12) 
T-T£ n( x) 

T h i s m a k e s sense s ince for parameters f r o m Q k the 

critical curve <p ends o n W s at the f inal po int o f its 

A-th b ranch — and the end point o f cp is the " i m a g e " 

o f .Yw. F o r the der ivat i ve o f .vs we f i nd in the 

present case 

DArt) = y - v v (13) 

w h i c h d i f fers f r o m the va lue (g/3) a w o f (11). T h i s 

is d u e to the fact that at t § ( = 0 ) , the d e n o m i n a t o r 

f unc t i on n van i shes to second order whereas for all 

A > 0 the zeros o f n are s imple. 

T o v i sua l i ze the consequences o f the b i fu rcat ions 

that appea r a l ong the curves Q k , let us l ook at the 

imp l i c i t equat ions 

and 

•(T^e,©) =0 

n(x?k-Q,co) = 0, 

( 1 4 a ) 

( 1 4 b ) 

Fig. 6. The first six curves Qk calculated as simultaneous 
zeros of z and n. Further Qk up to arbitrarily large k can 
be calculated in the same manner. Note that along these 
curves the phase Qk zc

k remains approximately constant. 
Axes: Q = 1 ... 10, co = 0 . . . 25 / cox = 0 .. . 50. 

a n d let us choo se Q as the pert inent b i fu rca t ion 

parameter. F r o m the Imp l i c i t F u n c t i o n T h e o r e m , 

the " s h i f t " o f the zeros o f z and n d ue to a var ia -

t i on o f o is ob ta i ned as: 

d r 2 k 

DQ 
= 0 ( 1 5 a ) 

a n d 

d r 2k 1 

do CO2 + (Q+ L)2 

•2k 

e x p [ ( e + 1) x f k ] s i n co xfk 

( 1 5 b ) 

T h e latter exp re s s i on can be eva luated at x f k = xk, 

u s i n g 

Q k 
e x p [ ( e + 1) r£] s i n Qkxk — ( e x p [ e r £ ] - 1) (16) 

w h i c h fo l lows f r o m (14). T h i s y ie lds, o n the 

cu r ve Qk (i. e., for co = Qk (<?)) 

d r 2k £ (Q4)J 

2 Z - ^ - < 0 . ( 1 7 ) 
d 0 nl

k(Q) + {Q+\yj=2 7! 

W e can therefore unde r s tand h o w the va lues o f x\k 

a n d x f k reverse thei r mutua l o r de r i n g w h e n a po int 

in parameter space crosses Q k . M o r e o v e r it turns 

out that all cu rves Qk are character ized by the l aw 
t 2 k = T f k ~ a local m a x i m u m o f a s o n one b r anch 

a n d a m i n i m u m o n the next one can on ly appea r 

i f the zeros reverse their " n a t u r a l " o r de r i n g that is 

g i v e n b y the l i m i t i n g behav i o r xf < x°k descr ibed 

b y (8). 

A s a final result a very interesting property o f the 

cu rves Qk b e c o m e s apparent f r o m F i g u r e 6: The 

phases Qk xk remain virtually constant for all values 
of Q, with subsequent curves appearing almost equi-
distant. T h i s b e h a v i o r is i ndependent o f the par -

t icu lar sadd le - focus investigated. It therefore con-

stitutes a universal feature of any saddle-focus 
type dynamic s . 

I n o rder to o b t a i n these un i ve r sa l propert ies 

expl ic i t ly, let us a g a i n e m p l o y the Imp l i c i t F u n c t i o n 

T h e o r e m . S o l v i n g (14) numer i ca l l y , we f ind that the 

d i f ference between subsequent va lues o f Q k x l c o n " 

verges towards 2 71 f r om above. ( I n the l imit 

q 00, the s i m u l t a n e o u s zeros o f z and n are 

OJ/ÜÜT 
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located at integer mul t ip les o f I n . ) F o r the de r i v -

ative of Qkxc
k we find: 

dg 

_ 5 n(Tc
k-Q,Qk) 1 

J 
where 

(Qkxc
k-exp[xc

k]smQkrc
k), ( 1 8 ) 

J:= det 
ö (z, n) 

( 1 8 a ) 
6 ( r t,Qk) 

is the determinant o f the J a c o b i a n matr ix . W e then 

m a y app l y 

exp [xc
k] s i n Qk xc

k = ^ (1 - exp [ - Q , (19) 
Q 

w h i c h is a na l o gou s to (16), to o b t a i n 

d „ ö « ( r £ ; p , Q k ) 

1 Qk " (-Qxl)j 

I , • (20) 
j Q j = 2 ./! 

T a k i n g into cons ide ra t i on that 

dn(xc
k;g,Qk) Qk 

dQ 
( e x p [ e r a - l ) - O t T j 

= qJl £ (gxc
ky 

Q y=2 ß 
(21) 

we see that the power series e x p a n s i o n o f the 

numera to r o f (18) starts w i th a s econd -o rde r term, 

wh i le J itself van i she s l inear ly as g a pp roache s zero. 

Hence for smal l va lues o f Q the der i va t i ve o f Qkxc
k 

tends towards zero. F o r the other l imit, g -* oo, the 

numera to r o f (20) behaves l i ke Q \/g~ . I n this case 

J converges t oward s 

J s = exp [g T£] 

• {gQk-(g2 + Q2)(Qkxc
k-2kn)} (22) 

and thus the der ivat ive in que s t i on van i s he s there 

too. 

T h e s imp le behav i o r o f Qkxk o b v i o u s l y reflects 

the s imi lar i ty o f freshly created d o u b l y t o u c h i n g 

trajectories. T h e difference between t h e m is d o m i -

nated by an extra turn a r o u n d the real e igenvector 

o f the saddle-focus. 

5. The Complete Halfmap 
N o w that we have ob ta i ned a complete p icture o f 

(p, let us have a look at h o w the segments o f the 

other critical curve, the sp i ra l y, are m a p p e d onto it. 

Instead o f treating the different cutt ing o p e n 

Fig. 7. For values of the parameters close to ß , , the 
(complex) zeros of xs and Z)3 are also close to one another. 
Axes for all parts: r = 0 . . . 4 n/a>, x = - xw ... 5 xw . -
(a) Just below the bifurcation point on Q\ the "knees" of 
the second and the third branch of .xs, respectively, come 
close to the pole located at r f . Parameters: x = 1, g = 1.5, 
co = 5.7. — (b) Exactly at a point of the zeros in the 
numerators cancel those of the denominators in xs as well 
as in -D3. Hence no singularity appears at x f . Parameters: 
x 0 = 1, Q= 1.5, CO = 5.74241506581. - (c) Slightly above 
ß j , we again find a pole of xs at rf together with a pair of 
local extrema closely adjacent to this point from the left 
and the right, respectively. Parameters: x 0 = 1, £>=1.5, 
co = 5.8. 

Fig. 8. For high frequencies of the saddle focus (after 
having crossed Q2) both critical curves y and <p possess 
different branches that start and end at entry points, points 
of contact, or exit points, respectively, of doubly touching 
trajectories. Parameters: x 0 = l , g= 1.5, co = 10. Axes: 
x = 0... 1.4 x w , £ = - 0 . 7 . . . 0.2. - (a) The images of the 
different regions inside the Cartesian leaf r (rc), being 
mapped onto isolae or base lines, respectively, are known 
exactly. - (b) The segments hsx, b\s2, b2sc, v? 2 , , and 
•v ] xw of y are mapped by p0 p0 p onto 5^2 , s ^ c ' 

s\c2, and s'2x'w of (p. This shows how the boundary 
xw sc of part (a) is eventually mapped onto the "gluing 
together" segments inside the region of base line. Spe-
cifically the isola r (r0) (r0 = 0.8 rc) shows how a separa-
tion and gluing-together appears: bi] is mapped onto 
i'i c, i 1 i2 goes to i\ i2, and i2 a is mapped onto ba. 
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m e c h a n i s m s separate ly, a typ ica l type I I I s i tua t ion 

( c o r r e s p o n d i n g to the a s s u m p t i o n that we h a v e 

crosses the first k cu rves i n pa ramete r space) wi l l 

be d i scussed. Its p roper t ie s cover those o f the two 

others. I n the present Sec t i on the critical sp i ra l is to 

be treated i n reversed t -d i rec t i on : that is, we start at 

the center represented by large m a p p i n g t imes, a n d 

m o v e towards the pe r i phe ra l turns w h i c h s h o w 

sma l l va lues o f z. 

T h e i nne rmos t tu rns o f y, u p to the po int sk (see 

F i g . 8 b), are m a p p e d on to the interva l (0, ck] o f W s . 

T h i s latter p o r t i o n is m a p p e d aga in , b y P, on to the 

arc h's'k o f (p. O n reach ing sk, the critical spiral be-

comes d i sconnected (a r- interval is cut out o f its do -

m a i n [2]) a nd it cont inues i n bk ( on the same isola). 

T h e arc bksk-U e x tend i ng f r o m the re-start po in t to 

the next po int o f self- intersect ion, is then m a p p e d 

on t o ( c k , c k - 1 ] a n d further on to s k s ' k _ \ \ a nd so on. 

E ven tua l l y as the sp i ra l re-starts i n b\, the arc f r o m 

there to sc, the po i n t o f contact w i t h the C a r t e s i a n 

leaf, is m a p p e d onto (C, , .Yc] and f r om there onto 

5! sc. 
U p unti l n o w , all po in t s o f the crit ical sp i ra l were 

" p r i m a r y cutt ing o p e n p o i n t s " [2], w i th adjacent 

po in t s o f the intersected i so la to the left a n d the 

r i ght be i ng m a p p e d to oppo s i t e ends o f the i m a g e 

o f this i nva r i an t cu rve , in s ide the base l ine r e g i o n o f 

S + . It is this b e h a v i o r that o r i g i na l l y mot i va ted the 

present paper : T h e " t r i a n g l e " .Y C JVW5C IS m a p p e d 

onto the reg ion b o u n d e d by the lines I (def ined by 

x = 0; the i m a g e o f the h o m o c l i n o i d po int h ) a nd 

W, moreover by the arc xcs'c of r(rc) and the 

section h' s'c of (p. Thus the image of the whole region 
inside of which a separation occurs is determined 
analytically to be the "quadrangle" oxcs'ch' (see 
F i g u r e 8). 

T h e po ints o f the critical sp i ra l to be d i s cu s sed 

next are " s e c o n d a r y cutt ing o p e n p o i n t s " [2]. T h e y 

separate those parts o f a c omp l i c a ted i so la w h i c h 

are m a p p e d on to the s egment o f the s a m e i so la 

i n s i de S + a n d those that are m a p p e d on to the 

c o r r e s p o n d i n g base l ine, respectively. T h e d i s t inc-

t i on between p r i m a r y and s econda r y cutt ing o p e n 

points is immed ia te l y reflected i n <p: T h e image s o f 

the first sort are f r o m the b o u n d a r y d i scussed wh i l e 

those o f the s e cond type are f r o m the inter ior o f 

c7xcs'ch'. A t the latter po ints , the i m a g e s o f the arcs 

bi, a nd /', i2 o f the i so la r (r0) (see F i g . 8 b ) are g l u e d 

together w i th a rever sed m u t u a l or ientat ion. 
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A l t h o u g h the d o m a i n o f the critical spiral was 

disconnected, the i m a g e o f y up to s c is s imp l y 

the interval (0, x j . T h e co r re spond ing curve (p 

also possesses a s i m p l y connected d o m a i n u p to 

this point. C o n t i n u i n g f r o m here on, however , y 

behaves s m o o t h l y wh i l e cp is subject to a selection 

rule that cuts certa in r - intervals out o f its d oma i n . 

T h e arc s ^ , o f y is m a p p e d to ( x c , b\] a n d f r o m 

there to .v^c,; th is c omp le te s the first b r a n c h o f (p. 

T h e s ub sequen t arcs o f y i n between the rev i s i ted 

self- intersection points st a n d si + i are m a p p e d onto 

the intervals (bh bi+]] a nd f r o m there onto separate 

branches s fc i + l ( / = 1 ... & — 1 ) o f (p. F i n a l l y the 

sect ion s^.Yw is m a p p e d on to ( b k , x w ) a n d further 

onto the last b r a n c h o f cp b e i n g S k x ' w . T h i s c o m -

pletes o u r v i s u a l i z i n g o f the h a l f m a p . 

T h e above results s h o w that the two critical 

curves, y a nd tp, appear s o m e w h a t " conjugate " . T h e 

innermost turns o f the critical spiral (its " e n d " ) is 

m a p p e d to the " b e g i n n i n g " o f cp and vice versa. 

(Still, s ince for cp neither the zero m a p p i n g t ime is 

the i n f i m u m nor inf in i ty is the s u p r e m u m o f its 

doma in , as this was the case for y, we cannot g o so 

far as to expect a s imp le " s u m ru le " or a related law 

to ho ld true.) A n o t h e r po in t where the con-

jugacy m a k e s itself felt is the occurrence o f a 

type I I I separat ion: A t the self- intersection points 5, 

o f the critical spiral a type I b ranch is " p i n n e d " 

onto the type I I curve, wh i l e in the po ints s't o f <p, 

type I I b ranches start o f f f r o m the type I curve. N o t e 

that Sj a n d s': appear i n y ( and tp, respectively) 

exactly at the s ame va lues o f r - this is a h i gh l y 

s ymmet r i c s ituation. 

6. Discussion 

T h i s p a p e r c onc l ude s the treatment o f s epa ra t i ng 

m e c h a n i s m s i n P o i n c a r e h a l f m a p s i n d u c e d b y a 

s add le - focu s in three space. T h e s e m e c h a n i s m s were 

s h o w n to be r e spon s i b l e for the appea rance o f 

chaot ic s o l u t i on s in the ove ra l l d y n a m i c a l s y s tem — 

p r o v i d e d an a p p r o p r i a t e s e c o n d h a l f m a p is present 

[11]. 

T h e f o r m a l i s m o f h a l f m a p s bo th is cons istent a n d 

y ie lds a c omp le te de s c r i p t i on o f the d y n a m i c a l 

behav i o r . Let us therefore f ina l ly v i sua l i ze it in 

terms o f the t empo ra l e v o l u t i o n o f the d y n a m i c a l 

s y s tem itself. T h e cruc ia l po i n t is the b e h a v i o r o f 
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t ouch ing trajectories. F o r type I separat ions , s u c h a n 

orb i t starts in a po in t o f y, t ouches S i n s i de W s , a n d 

returns f r o m there to T i n o rde r to eventua l l y exit 

this reg ion in a po int o f (p. T h u s trajectories 

adjacent at " b o t h s i de s " o f the latter orbit exit T 

either close to W or close to tp, i n between these two 

curves. 

F o r the second type o f s epa ra t i on we f i n d two 

k i n d s o f t ouch i n g trajectories, those b e h a v i n g l ike 

the ones d i s cu s sed a b o v e (they t o u c h S b e l o w ,vc), 

a n d those t o u c h i n g S i n s i de o f (.YC,.Vw) o n W s . T h e 

latter po ints o f contact are located o n the inter-

section o f a c omp l i c a ted i so la w i t h W s . I n th is case 

adjacent trajectories e ither cross S + c lose to the 

point o f contact, bk, i n the interval (.TC,.Yw) o f W s , 

and possess a second one, ck, in (0, .YC). TO better 

line. The se exit po int s are located i n the n e i g h b o r -

h o o d o f exit po int s o f trajectories that start i n -

s ide S~, close to the s e gmen t (.VC,.Yw) o f W s . T h u s 

the exit po in t o f a trajectory, enter ing T i n a 

secondary cutt ing o p e n po int , is a g l u i ng - t oge the r 

po int at w h i c h the i m a g e s o f po in t s that lie far f r o m 

each other meet. 

T h e th i rd type o f s epa ra t i on in P o i n c a r e ha l f -

map s , w h i c h is the mo s t interest ing one, is c on -

nected to a specia l type o f t o u c h i n g orb i t s — doubly 

t ouch ing trajectories. T h e y start i n a self - inter-

sect ion po int sk o f the cr it ical sp i ra l , h a v e their first 

po int o f contact, bk, i n the interval (xc, xw) o f W s , 

and possess a s econd one, ck, i n (0, .YC). T O better 

under s tand w h y type I I I s epa ra t i on is a c o m b i n a t i o n 

o f type I a n d type I I , it is he lp fu l to r e m a r k that i n 

the n e i g h b o r h o o d o f a d o u b l y t o u c h i n g trajectory, 

s i m p l y t o u c h i n g orb i t s a p p e a r that posses s the i r 

po ints o f contact either i n the s econd o r i n the first 

o f the above m e n t i o n e d two intervals. C o r r e s p o n d -

ing to the three " a r m s " o f the cr it ical sp i ra l that 

meet at a po int sk, we f i n d three m a j o r types o f 

behav i o r : 

(a) A representat ive o f the first k i n d c o m e s c lose 

to bk but r ema in s i n s i de T i n o rde r to t ouch S a 

little be l ow ck. T h i s trajectory eventua l l y exits o n 

the first b r anch o f (p, hence it s h o w s type I be-

hav ior . N o w we can d i rect ly see, w h y the b r a n c h o f 

p r i m a r y cutt ing o p e n po in t s i n y is not c o n t i n u e d 

b e y o n d sk: A trajectory s tart ing there exits T c lose 

to bk a nd hence is not a regu la r l y t o u c h i n g tra-

jectory. 

(b) A trajectory represent ing the s econd k i n d 

touches S s l ight ly a b o v e bk a n d exits T close to ck. 

T h i s is a typical type I I b e h a v i o r a n d s h o w s w h y the 

seconda ry b ranches o f <p end at the po in t s ck. 

(c) T h e last k i n d o f trajectory a l so touches S i n 

(.YC, ,Yw), but does so a little be low bk this t ime, then 

c o m e s close to ck, bu t r e m a i n s i n s ide o f T , a n d 

eventua ly exits this r e g i o n close to the first b r a n c h 

o f cp. T h i s second type I I s i tua t ion m a k e s it c lear 

w h y the seconda ry b ranche s o f q> start out i n a po i n t 

o f its first b ranch , a n d it m o r e o v e r g i ve s the r e a s on 

w h y a r - interva l ha s to be cut out f r o m the d o m a i n 

o f <p: T h e latter trajectory stays for m o r e t h a n one 

ha l f tu rn (n/co) a r o u n d the real e igenvector l onge r 

i n s ide o f T than the trajectory de s c r i bed in (b) does. 

T h u s , it becomes o b v i o u s w h y type I I I separates 

separating structures. S i n ce no trajectory can t o u c h S 

m o r e than twice, no further p r i n c i pa l type o f be-

h a v i o r exists. A d d i t i o n a l c omp lex i t y ar i ses f r o m the 

n u m b e r o f d o u b l y t o u c h i n g trajectories b e i n g in -

vo lved. T h e sequence o f these spec ia l orbits , as w e 

saw, exh ib i t s a un iver sa l p roper ty o f the s add le -

focus d ynam i c s . It results f r o m the fact that s u b -

sequent ly " b o r n " d o u b l y t o u c h i n g trajectories d i f fe r 

essential ly on l y by an extra turn a r o u n d the real 

e igenvector o f the steady state, a result that h o l d s 

true exactly bo th for Q/CO 0 (k —• oo) a n d for 

Q/CO —• oo. 

T o conc lude, the f o r m a l i s m o f Po i n ca re h a l f m a p s 

a l l ows one to state prec ise ly the conditions on the 

parameters for the appearance o f the different separ-

at ing m e c h a n i s m s (cf. [2]). M o r e o v e r it a l so y i e ld s 

the boundaries of the regions in state space where 
these m e c h a n i s m s are effective. A l l results, as s o o n 

as ach ieved, can be u sed direct ly to interpret p ro to -

typ ic d y n a m i c a l evo lu t i on s o f the present d y n a m i c a l 

system. 
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